ABSTRACT. We deal with a problem posted by Huneke on the degree of generators of symbolic powers.
Observation C for monomial ideals follows from [8, Thorem 2.10] up to some well-known facts. In this special case, we can determine E: Corollary 1.4. Let I be a monomial ideal. Let f be the least common multiple of the generating monomials of I. Then I (n) is generated in degrees ≤ deg( f )n for all n > 0.
We drive this sharp bound when I is monomial and radical not only by the above corollary, but also by an elementary method. There are many examples of ideals such as I such that the corresponding symbolic Rees algebra is not finitely generated but there is D ∈ N such that I (n) is generated in degrees ≤ Dn for all n > 0. Indeed, Roberts constructed a prime ideal p over A 3 such that the corresponding symbolic Rees algebra were not be finitely generated. However, we showed in Corollary 1.2 that there is D such that p (n) is generated in degrees ≤ Dn for all n > 0. These suggest the following: Problem 1.5. Let I ⊳ A be any ideal. There is f ∈ Q[X] such that I (n) is generated in degrees ≤ f (n) for all n > 0. Is f linear? Section 2 deals with preliminaries. The reader may skip it, and come back to it as needed later. In Section 3 we present the proof of the observations. Section 4 is devoted to the proof of Example 1.3. We refer the reader to [1] for all unexplained definitions in the sequel.
PRELIMINARIES
We give a quick review of the material that we need. Let R be any commutative ring with an ideal a with a generating set a := a 1 , . . . , a r . By H i a (M), we mean the i-th cohomology of theČech complex of a module M with respect to a. This is independent of the choose of the generating set. For simplicity, we denote it by H i a (M). We equip the polynomial ring A with the standard graded structure. Then, we can use the machinery of gradedČech cohomology modules.
i) The notation L(d) is referred to the d-th twist of L, i.e., shifting the grading d steps.
ii) The notation end(L) stands for sup{n : L n = 0}.
iii) The notation beg(L) stands for inf{n : L n = 0}. We will use the following results:
Also, see [5] . Let us recall the following result from [4] and [10] . The regularity of reg I (n) is equal to dn + e for all large enough n. Here d is the smallest integer n such that (x : x ∈ I, and x is homogeneous of degree at most n) is a reduction of I, and e depends only on I. In particular, e is independent of n. 
PROOF OF THE OBSERVATIONS
If symbolic powers and the ordinary powers are the same, then Huneke's bound is tight.
We start by presenting some non-trivial examples to show that the desired bound is very tight.
Historically, these examples are important. Then I (2) is generated in degrees ≤ 6 = 2 × 3. Also, beg(I (2) ) = 2 beg(I).
Proof. The primary decomposition of I is given by
By definition
Thus, I (2) is generated in degrees ≤ 6. Clearly, beg(I (2) ) = 4 = 2 × beg(I).
Sturmfels showed that reg 1 (I 2 ) = 7 > 6 = 2 reg 1 (I). Also, see Discussion 3.5.
Proof. This deduces from Corollary 1.4. Let us prove it by hand. The method is similar to Example 3.1. We left to reader to check that I (2) is generated by the following degree 5 elements
plus to the following degree 6 elements
Thus I (2) is generated in degrees ≤ 6 = 2 × 3. Clearly, beg(I (2) ) = 5 < 6 = 2 × beg(I).
Proposition 3.3. Let I ⊳ A be a homogeneous ideal such that dim
Proof. Let D be such that I is generated in degree ≤ D. Recall that D ≤ reg(I). We note that I n generated in degree ≤ Dn. As dim(A/I) = 1 and in view of Fact 2.4, one has
Suppose { f 1 , . . . , f r } is a homogeneous system of generators for I n . Also, suppose {g 1 , . . . , g s } is a homogeneous system of generators for I (n) /I n , where
Let us search for a generating set for I (n) . To this end, let
This induces the following exact sequence:
Therefore, end(I (n) /I n ) < reg(I)n. By Fact 2.4, Proof. We note that I n generated in degree ≤ Dn. Suppose first that ht(I) = 1. Then I = (x) is principal, because height-one radical ideals over unique factorization domains are principal.
In this case I (n) = (x n ), because it is a complete intersection. * In particular, I (n) generated in degrees ≤ Dn. The case ht(I) = 3 follows by Corollary 3.6. Then without loss of the generality we may assume that ht(I) = 2. Suppose I (n) generated in degrees ≤ D n . Then
The proof in the linear-type case is complete.
Theorem 3.8. Let I ⊳ A 3 be a homogeneous radical ideal, generated in degrees ≤ D and of dimension 1. Then I (n) generated in degrees < (D + 1)n for all n ≫ 0.
Proof. Keep the proof of Theorem 3.7 in mind. Then, we may assume dim(A 3 /I) = 1. By the proof of Proposition 3.3, we need to show H 1 m (I n ) generated in degrees < (D + 1)n for all n ≫ 0. By [10] , reg(I n ) = a(I)n + b(I) for all n ≫ 0. This is well-known that a(I) ≤ D, see [10] . For all n > b(I) sufficiently large,
as claimed.
Corollary 3.9. Let I ⊳ A 3 be any radical ideal. There is D ∈ N such that I (n) is generated in degrees ≤ Dn for all n > 0.
* In a paper by Rees [11] , there is a height-one prime ideal (over a normal domain) such that non of its symbolic powers is principal.
Proof. Suppose I is generated in degrees ≤ E for some E. Let n 0 be such that I (n) generated in degrees < (E + 1)n for all n > n 0 , see the above theorem. Let ℓ i be such that I (n) generated in degrees < ℓ i . Now, set e i := ⌊ ℓ i i ⌋ + 1. Then I (n) is generated in degrees < e i n for all n. Let D := sup{E, e i : 1 ≤ i ≤ n 0 }. Clearly, D is finite and that I (n) is generated in degrees ≤ Dn for all n > 0. 
to observe (I (n) ) * ≃ (I n ) * . From this we get the claim.
To prove Observation C we need: Then the corresponding symbolic Rees algebra is finitely generated.
Here, we present the proof of Observation C:
Proposition 3.12. Let I be any ideal such that the corresponding symbolic Rees algebra is finitely generated (e.g. I is monomial).
There is D ∈ N such that I (n) is generated in degrees ≤ Dn for all n > 0.
Proof. (Suppose I is monomial. Then R := i≥0 I (i) is finitely generated, see Fact 3.11.) The finiteness of R gives an integer ℓ such that R = R[
. Let e i be such that I (i) is generated in degree less or equal than e i for all i ∈ N. Set d i := ⌊ e i i ⌋ + 1 for all i ≤ ℓ. The notation D stands for max{d i : for all i ≤ ℓ}. We note that D is finite. Let n be any integer. Then
This implies that
is generated in degrees ≤ En for all n > 0.
Proof. We may assume I = 0. Thus, ht(I) ≥ 1. Let f be the least common multiple of the generating monomials of I. In view of [8, Thorem 2.9] and for all n > 0,
The notation e n stands for the maximal degree of the number of generators of I (n) . Due to Fact 2.4 we have e n ≤ reg(I (n) ). Putting this along with ( * ) we observe that
One may like to deal with the following sharper bound:
Corollary 3.14. Let I be a monomial ideal and let f be the least common multiple of the generating monomials of I. Then I (n) is generated in degrees ≤ deg( f )n for all n > 0.
The following is an immediate corollary of Corollary 3.14. Let us prove it without any use of advanced technics such as the Castelnuovo-Mumford regularity.
Remark 3.15. Let I be a monomial radical ideal generated in degrees ≤ D. Then I (n) is generated in degrees ≤ Dn. Indeed, first we recall a routine fact. By [u, v] we mean the least common multiple of the monomials u and v. Denote the generating set of a monomial ideal K by G(K).
Now we prove the desired claim. Let I be a radical monomial ideal generated in degrees ≤ D. The primary decomposition of I is of the form
In view of (⋆), we see that
Recall that
Combining (⋆) along with ( * , * ) and ( * ) we observe that any monomial generator of I (n) is of degree less or equal than Dn.
PROOF OF EXAMPLE 1.3
We start by a computation from Macaualy2. 
It is easy to see that M is radical. These prove the items i) and ii). − tb) ). Then J generated by degree-four elements and J (2) has a minimal generator of degree 9.
Proof. Let f be as of Lemma 4.1. In the light of Lemma 4.1, (J 2 : A f ) = (x, y, z). Thus, f / ∈ J 2 .
This means that f is a minimal generator of J (2) . Since deg( f ) = 9 we get the claim.
A somewhat simpler example (in dimension 7) is: − cd) ). Then I is radical, binomial, Cohen-Macaulay of height 2. Clearly, I is generated in degree 4. But I (2) has a minimal generator of degree 9.
Proof. Let f = xyzabcd(ac − bd). By using Macaulay2, we have (I 2 : A f ) = (x, y, z). The same computation shows that I is radical, binomial, Cohen-Macaulay of height 2. Clearly, I is generated in degree 4. But I (2) = I 2 + ( f ), and f is a minimal generator of I (2) of degree 9.
